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Abstract
Aspects of Bernie Harris’ activity in ASA and other organizations and his contributions to
cluster analysis via the moment-preservation method and graph theory are outlined.
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1. Introduction
1.1

Risk Analysis Section

This paper outlines Bernie Harris’ contributions to the theory of cluster analysis. However,
in ASA, Bernie was better known not as a developer of cluster analysis but rather for activity
in the field of reliability, in technical aspects of national security, and as a founder of the
Risk Analysis Section in the early 1990s, along with Lee Abramson, Harry Martz, Lisa
Weissfeld, and others. This section grew out of an ASA committee, advisory to the U.S.
Nuclear Regulatory Commission. When the committee’s work was done, Bernie and others
had the idea of forming a related ASA section, rather than just disbanding. Bernie was
instrumental in drawing up a charter and recruiting members. Among the Section’s first
officers were, in addition to Bernie and myself, Lee R. Abramson, U.S. Nuclear Regulatory
Commission, Robert F. Bordley (General Motors Research Labs), Harry F. Martz (Los
Alamos National Lab), and Lisa Weissfeld (Biostatistics, Graduate School of Public Health,
University of Pittsburgh). Mark Vangel, a speaker in this session, was a section officer in
the late 1990s. David Banks, organizer of this session, was a section officer for a number
of years.
The variety of fields of section officers reflects the varied interests of its members, including medicine and biostatistics (safety and efficacy of treatments and pharmaceuticals),
finance (risk management and insurance), and operations (product quality; worker safety;
corporate and national security). Some of these interests overlap appreciably with those of
other ASA sections.
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1.2

Some of Harris’ Classification/Cluster Analysis-Related Activities

Bernie’s involvement in classification and clustering went back at least to 1976, when
he was a member of the Organizing Committee of the Conference on Classification and
Clustering chaired by John Van Ryzin. Subsequent involvement included giving a Short
Course on Combinatorics at the 1984 Army Design of Experiments Conference (now the
Army Conference on Applied Statistics), New Mexico State University, Las Cruces, and
being on the Organizing Committee for the 1985 Army Design of Experiments Conference, Madison. Bernie regularly attended annual meetings of the Classification Society of
North America (CSNA, now the Classification Society), beginning with the 1995 meeting
in Denver.
The Classification Society is an interdisciplinary and international organization promoting the scientific study of classification and clustering (including systematic methods
of creating classifications from data), and disseminating scientific and educational information related to its fields of interest. It is a member of IFCS, the International Federation
of Classification Societies, consisting of about twenty national or regional classification
societies.
Harris gave presentations of graph-theoretic methods of verifying clusters at CSNA
1995 Denver, CSNA-NT 1996 Amherst, and CSNA 2003 Tallahassee. Bernie hosted CSNA
2002 Madison. In 2002-2003, he chaired the CSNA Membership Committee.
2. Harris’ Research Contributing to the Theory of Cluster Analysis
Cluster analysis is the grouping of similar individuals or objects. Bernie made a couple
of types of contributions to this field, in terms of the moment-preservation method and
the graph-theoretic approach. These contributions were in talks, esp. at meetings of the
Classification Society, the International Federation of Classification Societies (IFCS) and
the International Statistical Institute (ISI), and in short courses at such meetings, and in
related papers.
3. Moment-Preservation Method
Harris’ contributions relating to the moment-preservation method were made at various
meetings ca. 2002-2003, including those of ISI and IFCS.
Given a dataset, or a theoretical distribution, a problem is to fit several, say K “clusters” e.g., K = 2 or 3 (or more). An approach is to find mass points (cluster centers)
c1 , c2, . . . , cK and probabilities p1, p2, . . . , pK such that the corresponding discrete distribution Pr{X = ck } = pk , where X denotes the corresponding random variable, matches
the moments of the given distribution. Recall that if two distributions have a number of
moments close together, then the two distributions will be close in appropriate ways. The
moment-preservation method may be viewed as solving for a discrete ( K-valued) approximation to the given distribution. The unknowns are c1 , c2, . . . , cK and p1 , p2, . . ., pK .
There are 2K unknowns, with one constraint (the probabilities add to 1), hence 2K − 1
free unknowns. This can be considered as an extreme case of the finite mixture model
where the component distributions are one-point distributions. The moment-preservation
method consists of computing values of the unknowns by matching 2K − 1 moments
0
m01 , m2, . . . , m02K−1. The values m0k could, remember, be sample moments or specified
values of true moments.
The method can be viewed as one of discrete approximation to a distribution (data
or theoretical). It reminds me of the elicitation process in Decision Risk Analysis or in

CPM/PERT: Obtain high, medium, and low values of a risk variable or activity time, with
their (subjective) probabilities. Here, however, we’re asking the data, not a person.
3.1 Details of the Moment-Preservation Method for K = 2
There are two mass points c1 , c2 and two probabilities p1 p2 , but p2 = 1 − p1 so there
are only three free unknowns. Denote the (raw) moments by m0k . (Given data xi , i =
P
1, 2, . . ., n, m0k = ni=1 xki .) Equations for the unknowns are p1 + p2 = 1, p1c1 +
0
p2 c2 = m01 , p1 c21 + p2 c22 = m02, p1 c31 + p2c32 = m3 . The situation looks like this.
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p1 ∝ m 1 − c 1
p2 ∝ c 2 − m 1
Figure. K = 2 mass points c1 , c2 with probabilities p1 , p2 . The quantitites c1 , c2 , p1 , p2 are taken as functions
of m01 , m02 , m03 .

The solution comes out as follows (Harris 2003). Let
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a = [(m01m3 − m22 )/(m2 − m12 )]/2, b = [(m01m2 − m3)/(m2 − m12)]/2.
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(Note m2 − m12 is the variance, m2. ) Then
c1 = [−b − (b2 − 4a)1/2]/2, c2 = [−b + (b2 − 4a)1/2]/2,
p1 = (c2 − m01 )/(c2 − c1), p2 = 1 − p1 = (m01 − c1)/(c2 − c1).
An alternative way of writing the solution (Tabatabai and Mitchell 1984) is
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c1 = m01 − s p2/p1 , c2 = m01 + s p1 /p2,
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m2 − m12 , p2 = [1 + A 1/(A2 + 4)]/2, p1 = 1 − p2 , the
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quantity A = m3 /m2 being the skewness. I have not checked in detail, but use of
0
0
03
cental moments m1 = 0, m2 = m02 − m02
1 , m3 = m3 − 3m2 m1 + 2m1 from the outset
may simplify things. In terms of the variance m2 , the equations in m01 and m02 give
0
0
p1 p2 (c1 − c2)2 = m2 = m2 − m12 . The problem might be even further simplified by
working in terms of deviations d1 = c1 − m01 and d2 = c2 − m01.
3.2

Moment-Preservation Method for K=3

There are mass points c1, c2, c3 and probabilities p1, p2 p3 . The equations are p1 + p2 +
j
j
j
p3 = 1 and p1 c1 + p2 c2 + p3 c3 = m0j , j = 1, 2, 3, 4, 5. I have not seen the details of
a solution and do not pursue the matter here. Of course, given moments, a solution can be
obtained by numerical methods.
3.3

Partitioning a Distribution

Contrast the moment-preservation method of Harris and others with partitioning a distribution, where “partitioning” means finding minimum mean squared error intervals. (The
representative of an interval is then the conditional expectation, given that interval.) E.g.,
for K = 3 for the Normal distribution, there is the “27% rule” (see, e.g., Cox 1957):
the proportions in the three intervals come out to be .27, .46, and .27. The intervals are
approximately (−∞, -0.613), (-0.613, +0.613), (+0.613, ∞). The means of these intervals
φ(b)−φ(a)
are approximately -1.22, 0, +1.22. The result used here is E[Z|a < Z < b] = Φ(b)−Φ(a)
,

Table 1: K=3: Comparing moment preservation and partitioning for the standard Normal
distribution
moment-preservation
√
√
centers c1 = − 3, c2 = 0, c3 = 3
partitioning solution
centers c1 ≈ −1.22, c2 = 0, c3 ≈ 1.22

probs p1 = 1/6, p2 = 4/6, p3 = 1/6
probs p1 ≈ .27, p2 ≈ .46, p3 ≈ .27

where φ and Φ are the standard Normal p.d.f. and c.d.f., resp. Let’s look at the results for
K = 2 and 3. First consider K = 3. Say the given moments are the same as the standard
Normal, the first one being 0, the second 1, the third 0, and the fourth 3. What results from
the moment-preservation method, and how does it compare with partitioning?
Now consider the comparison for K = 2.
Table 2: K=2: Comparing moment preservation and partitioning for the standard Normal
distribution
moment preservation
centers c1 = −1, c2 = +1
partitioning
centers c1 ≈ −0.798, c2 ≈ +0.798

3.4

probs p1 = p2 = 1/2
probs p1 = p2 = 1/2

Stanines

It is worth mentioning another method of scoring, though it’s not moment-preservation or
partitioning. These are the stanines, for K = 9. They are based on intervals a half standard
deviation wide. The values are 1, 2, 3, 4, 5, 6, 7, 8, 9. The boundaries are −∞, -1.75,
-1.25, -0.75, -0.25, +0.25, +0.75, +1.25, +1.75, ∞. The proportions in the nine categories
are approximately 4, 7, 12, 17, 20, 17, 12, 7, and 4% . See Johari & Sclove (1976) for
further discussion of stanines, and of partitioning for various families of distributions.
4. Harris’ Contributions to Graph-Theoretic Clustering
Harris considered the graph-theoretic approach to clustering, giving presentations on the
subject at CSNA 1995 Denver and CSNA-NT 1996 Amherst (a joint meeting of CSNA and
the Numerical Taxonomy Society), with a presentation “A Comparison of Various Combinatorial Tests for Verification of Clustering.” A graph is a collection of points (vertices) and
edges (pairs of points, or lines). Write G = (V, E). The vertices and edges can represent
individuals and a binary relation defined on the set of individuals. A connected subgraph
can be considered a cluster. Test statistics for clustering include the number of complete
subgraphs of given order, say 2 or 3, and the number of components (a connected component of an undirected graph being a subgraph in which any two vertices are connected to
each other by paths, and which is connected to no additional vertices.) I won’t say much
in detail about the graph-theoretic results except to mention some surprising probabilistic

results that convey the flavor of the area. Let n = #(V ). Consider a binary graph: any two
points are connected (“like”) or not (“dislike”). A null model has link = “like”, “dislike”
with probabilities 1/2, independently. Let the random variable N be the size of largest
complete subgraph (clique, cluster). The distribution of N is quite spiked. For example, for
n = 1000 vertices, Pr{N = 15} > .8, that is, 15 is the mode and has very high probability.
The expression for the mode in the case of p = 1/2 is log2 n − 2 log2 log2 n + 2 log2 e2 +1.
For n = 1010, with p = .25, Pr{N = 30} > .9997 (see Matula 1977).
More generally, whether or not two vertices are linked depends on the distance between
them. The definition of distance is tricky in the multivariate case. Statistical (Mahalanobis)
distance should be used, but the appropriate one is based on the within-groups covariance
matrix, and in cluster analysis, by graph-theoretic methods or otherwise, the groups are
only just being formed. So one needs to iterate between tentative assignments to clusters
and updating the within-groups covariance matrix and hence updating the inter-point distances.
There is still much challenging research that can be done, related to and building upon
the interesting work that Bernie Harris did.
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